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Abstract

Information entropy is one of crucial concepts in modern information theory and related fields. Over the years
a large number of methods for reliable estimation of information entropy have been invented. In this paper we
introduce a method for the estimation entropy of binary streams based on binary decision diagrams. Binary decision
diagrams are an efficient method of representation of discrete functions. By exploiting the useful properties of binary
decision diagrams we may be able, in some cases, to significantly reduce the time and complexity of calculation
of entropy estimate.

I. INTRODUCTION

The notion of entropy as introduced by Shannon in [1], [4], [9], represents one of the fundamental
concepts in modern information theory and signal processing. In essence, entropy describes the amount of
information carried by a signal. The applicability of this concept greatly transcends the field of information
theory in narrow sense. Although the mathematical definition of information entropy is well known, the
task of calculation of entropy of a particular signal is by no means trivial.

Formula introduced by Astola and Ryabko in [2] provides a good estimate of the entropy of a given
signal. The calculation required for this method can be time consuming. Furthermore the complexity of
this calculation depends strongly on the length of the given sequence. In this paper we will present a
method to improve speed and reduce complexity of this calculation by exploiting properties of binary
decision diagrams.

If characters of the alphabet are represented as discrete numerical values, the signal, output of the
source can be seen as a discrete function. Decision diagrams are an efficient method of representation of
discrete functions, [3]. As demonstrated in [10], reduced ordered binary decision diagrams are a canonic
representation of discrete functions. In this paper we assume that a given function, binary vector, is already
represented in the binary decision diagram form. We assume that the reader is familiar with the basic
notions about decision diagrams, and do not go into details of construction of decision diagrams and the
complexity of necessary algorithms. Representation of functions in this way is a standard approach in
various fields, and this method goes well in pair with other similar decision diagram based calculation
methods, [5], [7], [11]. Calculation of various spectral transforms, differential operators, autocorrelation
functions, etc., can be performed in a unified manner by processing nodes in decision diagrams.

II. CALCULATION OF ENTROPY ESTIMATES USING BDDS

In [2], Ryabko and Astola introduce the following method for calculating the estimate of the entropy
of a given vector. Consider an alphabet A and let A∗ =

⋃∞
i=1 be a set of all finite words over A. Let

f = f1f2 . . . ft be a given vector of length t, and v = v1 . . . vk be a possible substring of f , f, v ∈ A∗.
Denote the rate of a substring v occurring in the vector x as νf (v). For example, if f = 000100 and
v = 00, then νf (00) = 3, since, we calculate as follows (00)0100 → 0(00)100 → 00(01)00 → 000(10)0
→ 0001(00), and the sequence v = 00 appears three times.



For any 0 ≤ k ≤ t the empirical Shannon entropy of order k is defined as follows:

h∗
k = − ∑

v∈Ak

ν̄f (v)

(t − k)

∑

a∈A

νf (va)

ν̄f(v)
log

νf(va)

ν̄f (v)
. (1)

In order to calculate the entropy estimate by (1) we need to determine the number of occurrences of all
possible substrings v of the length k in the given vector. This is the most computationally intensive part
of the process. It can be implemented using a straightforward method, by moving a window of length
k over a given vector and increasing the appropriate counter for each encountered substring. In a way
this is a brute force method. It does not take into account the individual properties of a particular string.
Assume, for example, that the second half of a string is equal to the first half of the string. If we take into
account this information, we could reduce the amount of needed calculation by one half. The application
of decision diagrams permit us to do this. In this paper we focus only on calculation of the entropy
estimate for binary strings. For the sake of simplicity, we demonstrate the proposed method first for the
simplest case of k = 2. We also assume that given vectors are of the length t = 2n, so that a binary
decision diagrams can be constructed.

We begin with the following observation. Let fs1 = f1f2...f t
2

and fs2 = f t
2
f t

2
+1...ft be the first and

second half of the given vector. It naturally follows that: νf(v) = νfs1(v) + νfs1(v) + c, which is the
number of occurrences of a certain substring of length k = 2 in a given binary vector, is equal to the
number of occurrences of this substring in the first half of the vector, plus the number of occurrences
of this substring in the second half of the given vector. Minor correction of plus one should be made if
the given substring occurs exactly at the split of two halves of the given vector so that its first character
remains in the first half of the string while the last ends up in the second half.

c = 1 ⇔ v1 = f t
2
, v2 = f t

2
+1, c = 0, otherwise.

We can recursively apply this observation to each half of the string, splitting them further in shorter and
shorter segments, until we reach the segments of the length 2. At this point the calculation of occurrence
of a substring becomes trivial. If the given substring v is identical to a particular segment fsn, then
νf (v) needs to be incremented by one. We must keep in mind that the modifications to the calculated
number every time the substring occurs at the split between the examined segments of the original vector,
potentially at every step of the recursion.

This recursive procedures resembles the structure of a binary decision tree. If we mark the levels of
a binary decision diagram from 0 for the topmost level containing the root node to n + 1 for the level
of terminal nodes, then the nodes of the second lowest level n in the diagram correspond to substrings
of length 2 in the underlying binary vector. From the properties of decision diagrams, it follows that the
exact number a certain substring v occurs in a given vector f is equivalent to the number of paths that
that point to the node that is the root of the subdiagram representing the substring v. It can be shown
that this number is equal to the weighted sum of incoming edges to the node. The weight associated with
particular edge equals wi = 2l, where l is the difference of the level between the parent and then node in
question.

Let f = [0110101010101111] be a given binary vector of order n = 4. In Fig. 1 we present this vector
in binary decision diagram form and the results of the calculation of number of occurrences of individual
substrings.

To calculate the number of occurrences of all possible substrings of length k = 2 in a binary vector,
we need to iterate through all the nodes at n-th level of decision diagram and calculate the number of
the corresponding paths as a described weighted sum. Before we can perform any calculation, we need
to extend the diagram with virtual nodes at each place where an edge intersects with n-th level. These



TABLE I

LUT of indices for k = 2.

00 01 10 11
00 00 00 01 01
01 10 10 11 11
10 00 00 01 01
11 10 10 11 11

virtual nodes will correspond to substrings representing pairs of identical binary values v = 00, v = 11,
which possibly exist in the original vector f .

However, this represents only a partial calculation of the entropy estimate, since it does not take into
account the substrings that occur on the splits between the segments of the vector. In total there is 2n − 1
of these subvectors, for a vector of the length 2n. We can show that a binary decision diagram contains all
the information necessary for complete calculation of occurrence rate of subvectors of order k = 2. For a
given binary vector, a subvector of length k = 2 starting at position i is determined by the last character
of preceding vector at position i − 1, and the first character of the following vector at position i + 1.
Consider an example ...1100..., let vi−1 = 11 and vi+1 = 00, it clearly follows that vi = 10. The complete
set of these relations can be expressed in tabular form, see Table I. This look-up-table is identical for all
binary decision diagrams and needs to be generated only once at the beginning of the process.

Entries of this table can be replaced by the integers using encoding 00 = 0, 01 = 1, 10 = 2, and
11 = 3. Due to that, the Table 1 can be concisely expressed by the function f = x2x3 + 2x2x3 + 3x2x3,
where x2, and x3 are Boolean variables 0 and 1 interpreted as integers 0 and 1. By choosing between this
analytical expression and tabular representation we are premited to trade between temporal complexity
and mamory requirements. If subvectors vi−1 and vi+1 are represented by adjacent nodes at n−1 level in
the decision diagram, substring vi will correspond to their common parent node. In Fig. 2 we demonstrate
the correspondence between subvectors of the previous example and nodes of the full decision tree. This
decision tree can be reduced to the decision diagram in Fig. 1 as shown in Fig. 3.

Fig. 4 shows the order in which subvectors for k = 2 case are read during the traversal through the
decision diagram. For the sake of clarity we present this over a full decision tree.

It is evident that in order to completely determine the occurrence rates of all subvectors of a given
vector we need to visit all the nodes in the diagram. The complete algorithm therefore represents an
inorder traversal of the decision diagram, with the following additional steps performed at each node:

If the level of the current node is < n + 1,
1) determine to which subvector the node corresponds,
2) increase the value of appropriate counter by the weight of the corresponding incoming edge,
3) store the index of the counter.
If the level of the current node is > n + 1,
1) based on indices stored in children nodes, determine the preceding and following substring,
2) increase the appropriate counter.
After the complete traversal of the tree we obtain the final results, ν(v1) = ν(01) = 5 + 1 = 6,

ν(v2) = ν(10) = 0 + 5 = 5, ν(v1) = ν(11) = 2 + 2 = 4.
Finally we can compare these values with values obtained by application of original method. For original

vector f = [0110101010101111] after the application of sliding window we obtain 01, 11, 10, 01, 10, 01,
10, 01, 10, 01, 10, 01, 11, 11, 11, that is, ν(v1) = ν(01) = 6, ν(v2) = ν(10) = 5, ν(v1) = ν(11) = 4. It
is evident that both methods have produced identical results. The rates of occurrence of subvectors can
be then directly used in (1) to calculate the final entropy estimate. The complexity of this algorithm is
proportional to the number of nodes in decision diagram, versus the length of the given vector which



TABLE II

Number of steps needed to calculate the occurrence rate of substrings using a BDD, and the standard approach.

function BDD Standard Approach
BW 0 10 31
5XP 10 12 127
MISEX1 0 66 255
RD84 0 4 255
APEX4 0 258 511
APEX4 10 6 511
EX1010 0 10 1023
MISEX3 0 8194 16383
MISEX3 3 514 16383
MISEX3 4 4 16383

was the complexity of standard approach. The same argument about efficiency of decision diagrams in
general can be applied to this algorithm. For further details please refer to [3], [5], [12].

A. Generalization

We have demonstrated the method of calculating entropy estimate using binary decision diagrams on the
most simple example for k = 2 length of subvectors. However, this method can be easily generalized for
arbitrary length of subvectors of form k = 2j. Similar as in previous example, for the case k = 4, j = 2,
consider a subvector vi = 1101, and its neighboring subvector vi+4 = 1001. After a simple observation we
determine that there are additional subvectors spanning a split between vi and vi+4, namely vi+1 = 1011,
vi+1 = 0110, vi+1 = 1100. This fact will be reflected in the structure and size of look up table of indices
needed for the process.

For the general case k = 2j, LUT will have 2jx2j cells in which we need to store k − 1 index values,
thus adding to memory complexity of the overall algorithm. As this table needs to be stored only once for
all calculations of entropy estimates for the same k, in real application for reasonable length of subvectors
this overhead will not be significant.

III. EXPERIMENTAL RESULTS

To demonstrate the validity of the proposed method, we have conducted a set of experiments. We have
counted the number of steps needed to calculate the rate of occurrence of substrings in a given vector
using both the standard and BDD based approach. In these experiments mathematical center of North
Carolina set of benchmark functions was used, a standard set of benchmark functions for logic design
and BDD related problems. The Table II presents the selected results. First column in the table represents
number of steps needed for BDD based method, and the second results for the standard approach.

The number of steps in standard approach is determined by the length of original vector, while in
BDD based approach it is determined by the number of nodes. The example of function misex3, and
its particular outputs 0, 3, and 4, illustrates that the approach using BDDs, depends on the number of
nodes, unlike the standard approach, where the complexity remains the same for all the outputs. We did
not take into account the number of steps needed for construction of decision diagram, since the basic
assumption was that functions were already represented in the decision diagram form. The efficient method
for construction of decision diagrams is a complex problem out of the scope of this paper. Details on that
can be found in [6], [8], [10].

IV. CONCLUSION

In this paper we have demonstrated how binary decision diagrams can be used for efficient computation
on entropy estimate for a binary source. The proposed method was designed according to same lines as
similar binary decision diagram based calculation methods. We have used, as a basis, intuitive approach



introduced by Ryabko and Astola [2] and introduced modifications using the properties of binary decision
diagrams. In this manner we were able to make significant reductions in complexity of the calculation
and needed calculation time.
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Fig. 1. Example of calculation of entropy
estimate via binary decision diagram.
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Fig. 2. subvectors of order k = 2 over nodes of a decision
tree.
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